Abstract-Carrier sense multiple access (CSMA) protocol is standardized for vehicular communication to ensure a distributed and efficient communication between vehicles. However, several vehicular applications require efficient multi-hop information dissemination. This paper exploits stochastic geometry to develop a tractable and accurate modeling framework to characterize the multi-hop transmissions for vehicular networks in a multilane highway setup. In particular, we study the tradeoffs between per-hop packet forward progress, per-hop transmission success probability, and spatial frequency reuse (SFR) efficiency imposed by different packet forwarding schemes, namely, most forward with fixed radius (MFR), the nearest with forward progress (NFP), and the random with forward progress (RFP). We also define a new performance metric, denoted as the aggregate packet progress (APP), which is a dimensionless quantity that captures the aforementioned tradeoffs. To this end, the developed model reveals the interplay between the spectrum sensing threshold (ρ th ) of the CSMA protocol and the packet forwarding scheme. Our results show that, contrary to ALOHA networks, which always favor NFP, MFR may achieve the highest APP in CSMA networks if ρ th is properly chosen.
I. INTRODUCTION
T HE world wide interest to develop intelligent transportation systems (ITS) , that improve the efficiency and safety of transportation, increases the research focus on vehicular networking. While ITS cover all forms of transportation, including road, rail, air, and water transportation, communication for road networks is of special interest due to its uncoordinated and less controlled nature when compared to the other transportation systems. While planes, trains, and ships are usually driven by highly trained personnel, cars are driven by public varying in their skills, which raises serious safety issues for road transportation. For instance, according to the US census bureau, the US has a round figure of 10 million road accident per year with an average of 1.5% fatality rate [1] . The US national highway traffic safety administration (NHTSA) reports that an average of 90 deaths and more than 6000 injuries occur every day, across the US, due to car accidents [2] . Hence, there is a high demand to incorporate an automated and intelligent system to compensate for the human error, which is considered the major cause for accidents. In this context, vehicles can communicate with each other to alert drivers, or even take automated actions, to avoid collisions and save lives. Vehicular communication can also offer potential gains from an economical perspective. A recent report by The Economist estimated the total cost of traffic jams across four countries (US, UK, Germany, and France) to be 200 billion dollars [3] . In this case, vehicular networking can be exploited to improve navigation systems and alleviate traffic jams, i.e., to develop real time and context-aware navigation systems that collect real-time traffic information, via the vehicular network, to take appropriate navigation decisions [4] .
A typical vehicular communication system consists of three different links or modes of operation, namely, vehicleto-vehicle (V2V), vehicle-to-roadside (V2R), and roadsideto-roadside. The V2V communication, also referred to as inter-vehicle communication (IVC) [5] , is an enabling technology for a variety of applications such as adaptive traffic control, coordinated braking, emergency messaging, peer-topeer networking for infotainment services, and automatic toll collection. Further, IVC communication is preferred over V2R in high mobility environments as well as for applications with strict delay constraint such as the safety based dedicated shortrange communications (DSRC) [6] . According to the IEEE standard, IVC is coordinated via carrier sense multiple access (CSMA) medium access control (MAC) protocol. CSMA is a contention based spectrum access technique that is controlled by means of random backoff counters. That is, each transmitter, that intends to transmit a packet, generates a random backoff timer which is decremented if the channel is sensed idle and freezed if the channel is sensed busy. Only transmitters with elapsed backoff timers can transmit. Hence, a transmission is only initiated in an idle channel state to avoid packet collisions. The idle/busy state of the channel is determined by the carrier sensing threshold (ρ th ) [7] , which is a vital design parameter for the CSMA protocol. The sensing threshold imposes a crucial tradeoff between the transmission success probability or simply the success probability, denoted by P, and the spatial frequency reuse (SFR) efficiency. A lower sensing threshold enforces larger distances between concurrent transmitters, which decreases interference and increases the success probability, on the expense of degrading the SFR, and vice versa. Hence, the sensing threshold (ρ th ) should be carefully tuned to balance the tradeoff between the success probability and SFR efficiency, thus achieving efficient local communication.
Several vehicular applications require going beyond the local communication and efficiently disseminating information across the roads via multi-hops, as shown in Fig 1. For instance, accidents on highways can be immediately reported to the nearest ambulance or emergency center using the multihop vehicular network. Also in the case of highway congestion, it is important to disseminate the information far enough so that other vehicles can take appropriate navigational decisions and change the selected trajectory to alleviate the congested sector. Therefore, packets need to be efficiently propagated from one hop to another until they arrive at the destination. There are different packet forwarding schemes, that impose a tradeoff between packet forward progress (FP) and per-hop success probability. In particular, we focus on the most forward with fixed radius (MFR), the nearest with forward progress (NFP), and the random with forward progress (RFP) forwarding schemes. As it is clear from the protocol names, the MFR favors relaying the packets to a distant vehicle to maximize the FP on the expense of lower per-hop success probability. On the contrary, the NFP favors communicating with the nearest vehicle to attain a high per-hop success probability on the expense of low FP. The RFP achieves a midpoint performance between the MFR and the NFP. It is worth mentioning that there is an interaction between the carrier sensing threshold and the packet forwarding protocols. For instance, to have an acceptable success probability, the MFR requires more conservative ρ th due to the large hop distance as compared to the NFP which can sustain an aggressive ρ th due to the smaller hop distance. This directly has an impact on the end-to-end transmission delay or equivalently the throughput since the MFR requires lesser number of transmissions to reach a particular destination as compared to the NFP which requires more number of transmissions. Note that, an efficient packet forwarding scheme should achieve the best balance between the success probability, packet FP, and the SFR efficiency imposed by both the forwarding scheme and the CSMA parameter ρ th , while maintaining a particular end-to-end transmission delay.
In this paper, we focus on the IVC aspects in vehicular networks in a multi-lane highway scenario and study three different packet forwarding schemes. In particular, we develop a novel analytical framework to model CSMA coordinated IVC in a highway setup using concepts from stochastic geometry and point process theory. We obtain simple yet accurate expressions for the per-hop success probability as well as the FP. Our developed model captures the tradeoffs among the success probability, FP, and the SFR efficiency of each forwarding scheme. In order to unify these three performance metrics, we define the aggregate packet progress (APP).
Our results show that NFP achieves the highest APP in networks that require high link quality 1 per transmission but with relaxed delay constraint. On the contrary, MFR achieves the highest APP in networks with tight delay constraint and relaxed link quality. It is worth noting that ALOHA networks always favor NFP due to the high interference levels in the network [8] , [9] . In contrast, sufficient interference protection can be achieved in CSMA networks by proper manipulation of the sensing threshold, which makes the MFR forwarding scheme preferable is some cases. The main contributions of this paper are summarized as:
1) We develop a novel tractable framework to model intervehicle communication in a multi-lane highway network. 2) We compare between various abstraction models used for highway vehicular networks and show that the widely used line abstraction model does not accurately model the success probability for wide highways. 3) We study different packet forwarding schemes for multihop communication in CSMA based IVC and compare their performance under different traffic conditions. 4) We define the aggregate packet progress (APP) metric which captures the tradeoff between success probability, FP, and SFR efficiency. 5) We show that we can select a packet forwarding scheme with an appropriate carrier sensing threshold to maximize the APP under specific QoS constraints.
II. RELATED WORK
Balancing the tradeoff between the success probability and the spatial frequency reuse is a major challenge in wireless ad hoc networks. In the literature, different metrics are used to capture this fundamental tradeoff. For instance, transmission capacity metric is used in [7] , spatial throughput is used in [10] , and spatial reuse is used in [11] to quantify the number of successful transmissions per unit area. These metrics are mainly used to gain insights into the system behavior and to optimize the network performance. In addition to the success probability and the spatial frequency reuse, the effect of the forward progress in multi-hop ad hoc networks is incorporated into the analysis in [9] , [10] . However, [9] , [10] consider conventional 2-D ad hoc networks. Note that vehicular ad hoc networks (VANETs) differ from general ad hoc networks by having their own characteristics (e.g., geographical limitation to roads) that should be incorporated into the modeling framework.
In the context of VANETs, the authors in [12] and [13] develop an analytical model to maximize the network throughput 2 . However, the presented models are based on ALOHA spectrum access protocol. Although CSMA based IEEE 802.11p protocol is the standardized access protocol for vehicular communication, it is shown in [15] that the performance of the IEEE 802.11p approaches the performance of ALOHA protocol at sufficiently high node densities due to backoff timer ties 3 The ALOHA based network models in [12] , [13] , [15] do not aptly capture the network performance when CSMA protocol operation is intact. Note that alleviating the backoff timer ties problem in the IEEE 802.11p to achieve an intact CSMA spectrum access is viable by means of adaptive contention window size techniques [16] , [17] .
VANETs with an intact CSMA spectrum access have been studied in [15] , [18] - [20] . In [18] , the maximum possible spatial reuse in a VANET is investigated. The authors in [15] , [19] , [20] conduct performance and reliability analysis for vehicular networks. Most of the related works on VANETS using CSMA protocol are based on the single line abstraction (SLA) model. The SLA model combines multiple highway lanes into a single lane with the aggregated traffic, which may not be accurate for wide highways as well as for high traffic intensity [21] . The models developed for CSMA based VANETs in the literature are mostly limited to local vehicular communication.
This paper focuses on VANETs with an intact CSMA spectrum access protocol and develops a novel analytical paradigm for multi-hop communication in a multi-lane highway. The developed model does not rely on the SLA model and captures the effect of the number of traffic lanes and the inter-lane separation. The paper also studies the tradeoff imposed by the CSMA sensing threshold and the packet forwarding scheme on success probability, packet FP and SFR efficiency. To this end, the developed analytical framework is used to select the forwarding scheme and the carrier sensing threshold in order to optimize the performance tradeoffs.
III. SYSTEM MODEL
In this section, we describe the network model, discuss the considered packet forwarding schemes, and explain the methodology of analysis.
A. Network Model
We consider a multi-lane highway network constituted from N parallel traffic lanes separated by a fixed distance d. Each vehicle transmits with a fixed power P, or equivalently has a fixed transmission range R t . The signal power decays with the distance according to the power law propagation model with a path-loss exponent η > 1. Beside path loss attenuation, the signal power experiences fading which is assumed to be exponential with mean 1/μ. Therefore the power received from a transmitter located at v i to the receiver at v j is Ph i j v i − v j −η , where h i j represents the channel fading between v i and v j and . represents the Euclidean norm. We assume that during each time slot, the network topology remains the same and is independent of other time slots. This is a reasonable assumption since the speed of packet transmission including the delays due to backoff is much faster than the speed of vehicles. This is formally stated as:
Assumption 1: We assume that the network topology remains constant for the duration of each time slot and changes independently from one time slot to the other.
Remark 1: According to [22] , the maximum average wait time before transmission is estimated to be 264μs and the total packet delivery time is in the order of milliseconds. Therefore on an 80 km/h highway, a vehicle is displaced by much less than 1 m during a single transmission. This makes it reasonable to ignore the effect of mobility during contention and packet transmission time.
We consider a signal capture model, which assumes that a packet can be correctly decoded by the receiver iff the signal-tointerference-plus-noise-ratio (SINR) exceeds a target threshold T . All vehicles contend for channel access according to the slotted CSMA protocol. For the CSMA contention process, we have the following assumption:
Assumption 2: We assume that no two vehicles in the same contention domain have the same backoff counter value and hence the CSMA behaviour of IEEE 802.11p is intact.
Remark 2: The basic operation of the IEEE 802.11p is similar to the conventional operation of the CSMA protocol except for the higher collision probability within the contention domain due to discrete backoff counter values [23] . For this reason, several efforts have been invested to adapt the contention window (i.e., backoff timer size) to alleviate this problem [16] , [17] . Since the framework proposed in this paper focuses on the spatial domain uncertainties and abstracts time dynamics, we can assume that the contention domain collision problem is solved by one of the techniques proposed in the literature (e.g., [16] , [17] ).
The carrier sensing threshold ρ th of the CSMA protocol is a system wide design parameter used by all vehicles. From a geometric perspective, ρ th can be directly translated to a sensing range, also denoted as the contention domain, represented by R s = ( 
then using the assumption of reciprocity 4 in wireless channels, the converse is also true. Thus, for notational brevity, we drop the subscripts of v i j , and hereafter refer to the contention domain of a typical vehicle as N. The average number of vehicles in the contention domain of a vehicle with N R traffic lanes on its right side and N L traffic lanes on its left is given by:
where |.| represents the set cardinality. In a similar manner, we can define the transmission neighbourhood 5 of a typical node as
The average number of neighbours of a transmitting vehicle with transmission range R t and with N R and N L traffic lanes on its right and left side respectively is, therefore:
B. Packet Forwarding Schemes
From a transmitter's perspective, there are several strategies to select the relaying vehicle from its neighbors. The most simple strategies are to transmit to either the nearest node, the farthest node, or to a random node inside the transmission range [9] . We assume that the packet's destination is located far enough such that the progress can be defined as the horizontal distance moved along the highway towards the receiver. We only allow FP in which the message direction is known (e.g., the location of the nearest emergency center in case of accidents). The different packet forwarding schemes are described as follows:
1) Most Forward With Fixed Radius (MFR):
In this forwarding scheme, a typical transmitting node forwards the packet to the neighbour that results in the most FP within its transmission range. MFR maximizes the FP on the expense of low success probability due to the imposed large transmitterreceiver spacing. Note that MFR requires a conservative sensing threshold (i.e., ζ R s /R t ≥ 1) such that the sensing range can provide sufficient interference protection for the receiver. Note also that a conservative sensing threshold implies low spatial frequency reuse.
2) Nearest With Forward Progress (NFP):
In this forwarding scheme, a typical transmitting node forwards the packet to its closest neighbour. This would increase the per-hop success probability on the expense of minimizing the FP. However, the NFP forwarding scheme can sustain an aggressive sensing threshold (i.e., ζ R s /R t 1) due to the small link distance (i.e., short transmitter-receiver separation) which improves the desired signal received power. 
3) Random With Forward Progress (RFP):
In this forwarding scheme, every potential receiver, that results in forward packet progress, has an equal probability of being selected by the protocol. This forwarding scheme achieves a midpoint performance between the MFR and the NFP.
C. Modeling Approaches
There are three main approaches to model vehicles on a multi-lane highway as illustrated in Fig. 2 . The first approach, which is widely used in literature, is known as the single lane abstraction (SLA) model or simply the line abstraction model shown in Fig. 2 (a) in which all the traffic lanes are merged into a single lane with the aggregated traffic intensity. This greatly simplifies the analysis. However, it has been shown in [21] that the line abstraction model cannot accurately characterize the performance of highway vehicular networks when the highway is significantly wide and under high traffic intensity. The second approach is to consider that the traffic is restricted into individual lanes separated by a fixed inter-lane distance, as illustrated in Fig. 2(b) . The third approach models the highway traffic using a 2-D PPP restricted to the area covered by the highway, as illustrated in Fig. 2(c) . Compared to the second approach, the third approach gives one more degree of freedom on the location of the vehicles. However it is not tractable. A simulation study comparing the results of the three approaches under the RFP forwarding scheme (see Fig. 2 (d) and 2(e)) shows that the multi-lane approach and the 2-D PPP approach give approximately the same results while the SLA model overestimates the probability of successful transmission. The same conclusion is drawn for the MFR and NFP forwarding scheme. Therefore, we use the second approach to conduct the analysis in this paper.
D. Methodology of Analysis
Our objective is to study the tradeoff between the success probability, forward packet progress, and the spatial frequency reuse efficiency imposed by the forwarding schemes and the CSMA parameter ρ th . Hence, our main performance metrics are per-hop success probability, the FP, and the aggregate packet progress. Before conducting the main analysis, three auxiliary parameters need to be calculated, namely, the transmitter-receiver distance distribution, the intensity of concurrent transmitters, and the Laplace transform (LT) of the probability density function (pdf) of the aggregate interference. While the transmitter-receiver distance distribution is necessary to characterize the desired signal power at the test receiver, the intensity of concurrent transmitters is required to characterize the interference power at the test receiver. Note that the interference power is characterized via its LT.
IV. SINR CHARACTERIZATION
Due to the shared nature of the wireless medium, SINR is a major performance metric. The per-hop transmission is considered successful (i.e., correctly decoded by the receiver) if the SINR is above a predefined threshold. The SINR can be written as:
where χ ∈ {M, N , R}, referring to the MFR, NFP, and RFP forwarding schemes respectively. The distance r χ denotes the transmitter-receiver separation when using χ forwarding scheme, the set˜ i \v 0 ⊆ i denotes the set of active transmitters, excluding the intended transmitter v 0 , which is obtained after dependent thinning of the original PPP due to the CSMA contention. v i j ∈ R 2 is the location of the j th interfering vehicle on the i th traffic lane. Finally, h o and h i j are i.i.d. random variables representing the channel fading between the test transmitting vehicle and the selected receiver, and between the receiver and i j th interfering vehicle respectively, and κ is the noise variance. From (3), it can be directly observed that SINR is a random variable that includes several uncertainties, i.e., the vehicle locations, the channel gains, the CSMA contention based access, as well as the transmitter-receiver separation. The complementary cumulative distribution function (ccdf) of the SINR defines the per-hop success probability, which can be calculated as follows (see equation (5) in [24] ):
where L I agg (.) is the LT of I agg 6 . Equation (4) shows the auxiliary metrics that are required to evaluate the per-hop success probability, namely, the transmitter-receiver separation pdf f r χ (.) and the LT of the aggregate interference I agg . Note that the LT of the aggregate interference is a function of the intensity of concurrent transmitters (or interferers).
A. Distance Distribution
Since the receiver selection is based on the underlying packet forwarding protocol, the transmitter-receiver distance distribution is different for MFR, NFP, and RFP. For the MFR forwarding scheme the transmitter-receiver distance distribution is obtained via the following lemma:
Lemma 1: The distance distribution between the transmitter and receiver for the MFR forwarding scheme, f r M , is given in (5) , where E [|N|] is given in (2), A(.) is given in (30) , which is shown at the bottom of page 13, and A (.) is the derivative of A(.), which is always negative.
Proof: See Appendix A 6 With a slight abuse of terminology, we denote the LT of the pdf of I agg as the LT of I agg .
. . .
For the NFP forwarding scheme, the distribution of the transmitter-receiver distance is stated via the following lemma:
Lemma 2: The distribution of the transmitter-receiver distance for the NFP forwarding scheme, f r N , is given in (6) , where E [|N|] is given in (2), B(.) is given in (37), which is shown at the bottom of page 14, and B (.) is the derivative of B(.).
Proof: See Appendix B The transmitter-receiver distance distribution for the RFP is stated via the following lemma:
Lemma 3: The distribution of the transmitter-receiver distance for the RFP forwarding scheme, f r R , is given in (7) .
Proof: See Appendix C
B. The Intensity of Concurrent Transmitters & LT of the Aggregate Interference
For the sake of simple presentation, we first present the analysis of the intensity of concurrent transmitters and LT of aggregate interference for the single lane model. Then, we generalize the analysis for the multi-lane scenario.
1) Single Lane Model:
The simplest highway consists of a single traffic lane and we deal with this case first. A test transmitter transmits to a receiver, located on the same lane, based on the forwarding scheme selected. The remaining vehicles, which have packets to send, contend for spectrum access via the CSMA protocol, and transmitters who won the contention (i.e., have elapsed timers) transmit simultaneously. The receiver experiences interference from the set of concurrent transmitters (i.e., the transmitters selected by the CSMA protocol) excluding the intended transmitter. The Matérn hard core point process of type II (MHCPP-II) is widely used in literature to model the set of concurrent transmitters in CSMA networks [24] , [25] . The MHCPP-II captures the repulsive behavior of the point process due to the effect of the protection created around the transmitting nodes [26] . It is obtained via dependent thinning of the
parent PPP, in which points are given a uniformly distributed mark [0,1] and only the points which have the least mark in their neighbourhood are retained. The uniform mark corresponds to the backoff counter value chosen by each node in the CSMA protocol. Note that the interference is coming from the set i which constitutes a MHCPP. According to [27] - [29] the intensity of˜ i is given by:
where E [|N|] is given in (1) and 1 ≤ α ≤ 2 is a correction factor that is used to mitigate the underestimation problem of the MHCPP-II. That is, the MHCPP-II uses α = 2 in (8), which implies a contention domain length of 2R s along with retaining one transmitter per contention domain. However, the MHCPP-II suffers from the intensity underestimation problem due to the role of unselected points (see [29] for details).
Exploiting the natural order of points in 1-D lines, we argue that reducing the contention domain to R s by α = 1, as opposed to 2R s imposed by α = 2 for the MHCPP-II, mitigates the intensity underestimation problem.
Remark 3:
The intuition behind the choice of α can be explained as follows; i) starting from a retained transmitter and moving in each direction along the line, the first transmitter after a void distance of R s contends only with the nodes in the next R s distance; ii) the MHCPP-II saturates at the intensity of 1 2R s which is a loose packing density. This is because if R s is the void region on each side of the transmitters, the intensity of concurrent transmitters should saturate at 1 R s . Using this order of selected points, we can deduce that in general, the contention domain is reduced by half. Thus for the multi-lane case, the average void distance between two retained points in any lane is on average greater than or equal to the sum of the forward line segments inside the circle of radius R s . For example, in a 2-lane highway, the average void distance per lane in the saturated case is R s + R 2 s − d 2 . Therefore, throughout the paper, we use α = 1. Finding the LT of interference associated with a MHCPP is an open research problem because there is no known expressions of the probability generating functional for the MHCPP. Therefore, only approximate expressions for the LT are obtained by approximating the MHCPP with an equi-dense PPP existing outside the interference protection region created by the test transmitter [30] . This is formally stated as:
Assumption 3: We assume that the interfering set of vehicles i constitutes a PPP with intensity existing outside the average interference protection imposed by the CSMA protocol as shown in Fig. 3 . The PPP assumption has proven to be accurate if the intensity and interference boundaries are carefully calculated [15] , [27] , [29] .
The Laplace Transform of I agg for the single lane model is given by the following lemma:
Lemma 4: The Laplace transform of the aggregate interference at a test receiver placed at the origin in the case of a single lane highway is expressed as:
Proof: See Appendix D 2) Multi-Lane Model: The multi-lane model illustrated in Fig. 3 is complicated and tricky to handle. We propose a three step process to deal with the interference in the multi-lane model. The first step is to identify concurrent transmitters via dependent thinning of the set of parallel PPPs to form a set of MHCPPs. We then approximate the MHCPP on each traffic lane with an equi-dense PPP. Finally we project the homogeneous PPPs on all the traffic lanes to nonhomogeneous PPPs on a single lane via a transformation of intensity. We use an analogy to calculate the intensity after projection and the boundaries of the PPP as shown in Fig. 3 and Fig. 4 . Consider a set of uniformly spaced points on a line parallel to the line passing through the origin, also referred to as the central lane. From the perspective of the origin, the uniformly spaced points can be mapped to the central lane such that the distance from the origin to the points remains the same. We can observe clearly from Fig. 4 that the points experience a compression which is a function of the distance γ from the corresponding point and the origin. The compression factor for the multi-lane scenario is given as follows:
where i corresponds to the i th traffic lane away from the central lane. We can apply this principle while mapping the homogeneous poisson distributed vehicles to the central lane.
Since the compression is non-linear in γ , so we obtain a nonhomogeneous PPP after the mapping operation. Therefore the intensity of the PPP used to model concurrent transmitting vehicles is given by the following lemma.
Lemma 5: The intensity of the PPP of concurrent transmitting vehicles on the i th traffic lane, mapped to the central lane on a multi-lane highway is given by:
Note that c(γ , 0) = 1 and hence˜ (γ , 0) = , i.e., the intensity of the PPP on the central lane remains unchanged under the mapping. It is worth pointing out that the intensity calculation in (11) accounts for the contention between vehicles on different lanes. This is because the expression for given in (8) contains the contention domain size E[N] that includes vehicles in all lanes' sections covered by the sensing range as shown in Fig. 3 . Using this methodology, we can extend the framework used in the single lane model to the multi-lane case. The LT of the aggregate interference for the multi-lane highway is, therefore given by the following lemma:
Lemma 6: The Laplace transform of the aggregate interference observed from a test vehicle with N R traffic lanes on its right and N L lanes on its left can be expressed as:
where
and ψ i is the interference region on the i th traffic lane as illustrated in Fig. 3 . Thus the limits of integration are fromγ i to ∞ and from −∞ toγ i . The parametersγ i andγ i can be expressed as follows:
Proof: See Appendix D
V. PERFORMANCE ANALYSIS
In this section we evaluate the system performance for each of the packet forwarding schemes based on the following metrics:
1) Transmission success probability (P) 2) Normalized average forward progress (NAFP) 3) Aggregate packet progress (APP) In the following subsections, we define these metrics along with the analysis for the different packet forwarding schemes.
A. Transmission Success Probability
The transmission success probability, or success probability is defined as the probability that the SINR at the receiver is above a particular threshold. The general framework for evaluating the success probability has been explained in Section IV. For an N −lane highway with an inter-lane separation d, the success probability is given by the following theorem.
Theorem 1: The transmission success probability evaluated at a receiving vehicle on an N -lane highway with N R traffic lanes on its right and N L traffic lanes on its left and an inter-lane separation d is expressed as:
for χ = {M, N , R}. The interference region on the i th traffic lane, ψ i is given in Lemma 6.
Proof: The proof follows by substituting the laplace transform of the aggregate interference from (12) in (4) .
However the exact analytical evaluation of the expression in (15) for the multi-lane case is not possible. Note that the intractability comes from the fact that the projection of interferers leads to a non-homogeneous PPP with a complicated distance dependent factor c(γ , i). Therefore, for tractability, we suggest two approximations to the success probability. The first is an aggressive approximation in which we assume that (γ , i) = sup(c (γ , i) ) . The second is a conservative approximation in which we assume that˜ (γ , i) = . That is, the aggressive approximation neglects the intensity decay with the distance from the receiver and the conservative approximation neglects the non-uniform compression effect on the intensity of interferers due to projection. Referring to Fig. 4 , the aggressive approximation means that the projected points are very close to each other experiencing maximum compression and the distance between them does not increase. On the other hand, the conservative approximation means that all projected points have the same inter-point distance as the unprojected points. Exploiting these approximations, a single integral expression for the success probability is obtained in the following two corollaries.
Corollary 1: The success probability for an N −lane highway is aggressively approximated by overestimating the interference by its maximum value and hence the expression in (15) reduces to:
for χ = {M, N , R}. 1 l {.} is the indicator function that is equal to 1, if the condition in the braces is true, and 0 otherwise. The parametersγ i andγ i are given in Lemma 6 and the functioñ (γ , i) is given by (11).
Corollary 2:
The success probability for an N -lane highway with an inter-lane separation of d can be conservatively approximated by assuming the same intensity of interferers on each traffic lane, i.e., and thus can be expressed as:
for χ = {M, N , R}.
B. Normalized Average Forward Progress
The forward progress is defined as the average distance traveled by the packet towards its final destination. Note that we assume the destination is located infinitely far away and therefore the horizontal distance covered can be reasonably used as a measure of progress towards the destination. The packet progress is an important measure because it affects the number of transmissions required for transmitting a packet from the source to the destination over a multi-hop network and hence directly relates to the transmission time. The average per hop FP is denoted byZ χ = E[Z χ ], and is evaluated in (18) , (19) and (20) , which are shown at the bottom of the next page, for the MFR, NFP and the RFP forwarding schemes respectively. Similar to [31] , to make the average FP dimensionless, we normalize it by the average distance between two nearest neighbours. In this way, we transform the notion of distance (in meters) to the notion of hops (or number of nodes crossed over under a single transmission). The average distance between two nearest nodes is given by (40). Thus we can conveniently usē Z χ λ as a measure of the normalized average forward progress (NAFP) made in a single transmission in terms of the number of nodes crossed over.
C. Aggregate Packet Progress
In order to have a unifying performance measure for multihop transmission we define a combined metric called the aggregate packet progress (APP). The APP captures the tradeoff between the success probability, the average FP, and the spatial frequency reuse efficiency. It is defined as follows:
Proof:
, other wise.
The APP is a dimensionless quantity that tells the average forward distance traveled by successfully transmitted packets per unit length in the road. Note that the success probability depends on both χ and ρ th , the intensity of concurrent transmitters depends only on ρ th and the average FP depends only on χ . The challenge then is to jointly select the optimal values of χ and ρ th that achieve the best balance between the success probability, spatial frequency reuse efficiency and average FP given specific QoS requirements. The problem is formulated as follows:
where δ is the distance from the source to destination, and τ is the duration of each time slot. The QoS constraint comes from the transmission delay or the end-to-end throughput requirements. The constraint reflects the average end-to-end transmission delay from the source to the destination and enforces it to be less than a certain threshold . Note that 1/P χ signifies the average number of re-transmissions required to achieve successful per-hop packet transmission, δ/Z χ is the average number of hops that are required for the packet to reach a destination located at a distance of δ, and τ is the duration of each time slot. It is important to highlight that the additional delay imposed by the CSMA contention to access the spectrum can be easily incorporated to the constraint in (22) by multiplying by the factor λ , which captures the average number of time slots spent in CSMA contention to access the spectrum for a single transmission.
VI. SIMPLIFYING APPROXIMATIONS
While the PPP approximation in Assumption 3 is mandatory for our analysis, there are some approximations which can simplify the complicated expressions in (5), (6) and (18)- (20) to gain more insight [ (5) and (6) are shown at the bottom of pages 5 and 6, respectively]. We begin with the expressions of the distance distribution between the transmitter and receiver. The distance distribution for the MFR forwarding protocol given by (5) can be approximated as in (23), which is shown at the bottom of the page.
This approximation is based on the fact that the receiver, in the case of the MFR forwarding scheme, is located near the edge of the transmission range with high probability and thus one part of the pdf dominates, resulting in this approximation which is tight for higher intensities. Similarly for the NFP forwarding scheme, we can approximate the distance distribution given by (6) as follows:
This approximation is based on the nature of the NFP forwarding scheme which dictates a receiver located very close to the transmitter, thus there is a higher probability of small transmitter receiver distances which leads to the above approximation. The approximate simplified expression for f r χ (.) not only simplifies the calculation for the success probability in (17), but also simplifies the expressions for the expected FP given in (18), (19) and (20) . The expected FP for the MFR forwarding can be approximated as:
This follows from using the approximation for A(z) given by (35) under the assumption that R t max(N R , N L )d 7 Similarly, using the approximation for B(z) given by (38) leads to the approximate average FP for the NFP forwarding scheme as:
Finally, under the same assumption, the expected forward progress for the RFP forwarding scheme can be obtained using (42) as:
VII. NUMERICAL RESULTS AND DISCUSSION
In this section, we first validate our analysis and then provide numerical results to compare the performance of the three forwarding schemes on the metrics defined in Section V. Note that the analytical expressions validated in this section are those which are based on the approximations given in Section VI. To this end, we show that there is an optimum sensing threshold that maximizes the success probability, SFR as well as the FP under given transmission delay constraints. The results in Fig. 5(a) , 5(b) and 5(c) effectively validate our analysis. It can be observed that the aggressive approximation is accurate for small values of ζ . However for higher values of ζ , both the conservative approximation and the aggressive approximation are very close. This is because increasing ζ implies a higher sensing range which increases the interference protection around the receiver. In other words, the distance to the nearest interferer increases and since the compression factor Fig. 5 . Model validation for the three packet forwarding schemes. It can be observed that for small values of ζ , the aggressive approximation is very close. However with increasing ζ , the aggressive approximation approaches the conservative approximation. Moreover, increasing ζ increases the success probability in general. given in (10) decays with the distance, therefore the effects of compression diminish for larger ζ . Hence the aggressive approximation becomes similar to the conservative approximation, which neglects compression effects. On the other hand, for smaller values of ζ , the interference protection of the receiver is low so the model becomes sensitive to the intensity and due to significant compression effects at lower ζ , both approximations are different. Additionally, increasing the value of ζ improves the success probability, which is expected, due to the increased interference protection.
A. System Parameters and Model Validation
We now exploit our developed model to compare performance of the three packet forwarding schemes (i.e., MFR, NFP, and RFP) in terms of the normalized average FP. Note that in all the results, we use the aggressive approximation of the success probability since it better approximates the success probability. Figure. 6(a) reveals several insights to the design of forwarding schemes in CSMA coordinated vehicular networks. The figure manifests the effect of the CSMA sensing threshold on the performance of forwarding schemes. The impact of the sensing threshold on the MFR forwarding scheme is significant due to the large transmitter-receiver separation. Hence, MFR scheme requires a conservative CSMA operation. On the other hand, the effect of the sensing threshold on the NFP is not prominent due to the short transmitter-receiver separation. Hence, the NFP can sustain an aggressive CSMA operation. It is also interesting to note that even for aggressive sensing threshold, the RFP outperforms the NFP. The figure also shows that we cannot judge the performance of the forwarding scheme without looking to the sensing threshold. For instance, the RFP outperforms the MFR at aggressive values of the sensing threshold, while the converse is true at conservative values of the sensing threshold. Finally, the figure shows the effect of the traffic intensity on the FP. As the traffic intensity increases, the FP increases because the probability to find a vehicle that achieves high FP increases.
In Fig. 6(b) , we plot the normalized average FP against different values of λ and different values of ζ to gain further insights into the system behavior. The figure shows that for smaller values of ζ , the RFP forwarding scheme outperforms the MFR and the NFP for all traffic intensities due to the insufficient interference protection. However, increasing the value of ζ increases the interference protection and leads to the outperformance of the MFR forwarding scheme. Exact critical values of ζ at which the MFR outperforms the RFP can be calculated from the intersecting points in Fig. 6(a) . From Fig. 6(a) and Fig. 6(b) , we observe that the NFP performs poorly in terms of the normalized average FP for all traffic intensities at larger values of ζ .
B. Maximizing Aggregate Packet Progress
Looking into Figs. 6(a) and Fig. 6(b) , it is hard to judge the best forwarding scheme and the associated carrier sensing threshold that optimizes the tradeoff between the three performance objectives. This is because for a given success probability, the MFR requires a conservative sensing threshold that may degrade the spatial frequency reuse across the road. On the other hand, the NFP can allow an aggressive sensing threshold that increases the spatial frequency reuse but results in small FP. Note that the key objective is to increase the number of successful parallel transmissions per unit length of road segment along with ensuring an acceptable end-to-end delay. Therefore, we define the APP with the delay constraint in (22) , which is plotted in Fig. 7 for 10 vehicles/km, to capture these tradeoffs.
The APP is plotted for two different values of the SINR threshold, i.e., T = 0 dB and T = 10 dB, and number of traffic lanes, i.e., N = 8 (N R = 3, N L = 4) and N = 11 (N R = 5, N L = 5) under high and low delay tolerances. In general, it is observed that the APP is higher for N = 8, as compared to N = 11, due to higher success probability as a result of lower interference. Note that the solid line parts of the curves denote the feasible range of ρ th (i.e., when the constraint in (22) is satisfied), while the dotted parts of Increasing T allows the NFP scheme to achieve a higher APP performance as compared to the MFR, but only at the expense of a higher , which results in lower throughput.
the curves denote the infeasible range of ρ th . Note that the constraint is not satisfied for very low and very high values of the sensing threshold. For very low sensing threshold, the number of contending neighbours in the CSMA protocol are very large leading to high contention delay while for very high sensing threshold, the number of retransmissions required for transmission success becomes large resulting in higher transmission delay. Regardless of the number of traffic lanes N , it can be observed from Figs. 7(a) and 7(b) that the MFR, with the proper choice of ρ th is preferable for lower link quality requirement (e.g., 0 dB) due to the associated long forward progress. However, Figs. 7(c) and 7(d) show that the NFP is the preferred forwarding scheme for high link quality requirement (e.g., 10 dB), but on the expense of longer delay. This is because the MFR will require much more retransmissions to achieve the target SINR due to the distance between the transmitter and the receiver as compared with the NFP. Therefore the best forwarding scheme depends on the required link quality per transmission. We believe that vehicular applications require lower delay, e.g., safety messaging [6] , so the requirements for link quality are not expected to be very aggressive and hence the MFR forwarding scheme is well suited for such networks.
It is pertinent to mention here that increasing the carrier sensing threshold reduces the average protection region around a node and therefore, at sufficiently higher values of ρ th , the CSMA protocol starts behaving as an ALOHA. We can observe from Fig. 7 that at very high values of ρ th , the NFP always performs better than the MFR, thus verifying the result in [8] [9] that the NFP is the best forwarding scheme in ALOHA networks.
VIII. CONCLUSION AND FUTURE WORK
A novel analytical framework for modeling CSMA coordinated inter-vehicle communication in multi-lane highways is presented. The developed model is based on stochastic geometry and point process theory. Approximate yet accurate expressions for the intensity of concurrent transmitters and packet success probability have been obtained. We introduce the aggregate packet progress metric for multi-hop CSMA networks, which is a dimensionless quantity that shows the average forward progress traveled by successfully transmitted packets per unit length in the road. The APP is used to optimize the CSMA threshold and compare the performance of different packet forwarding schemes. By virtue of the interference coordination of the CSMA protocol, VANETs favor the MFR forwarding scheme under high throughput requirements due to the associated longer forward progress. The NFP, however can achieve the best performance under the high SINR regime and at the expense of high transmission delay, which is not feasible. This is contradictory to the results given in [8] , [9] which show that ALOHA networks always favor NFP due to the uncoordinated spectrum access. In a nutshell, the interference protection provided by the CSMA protocol enables a longer per-hop forward progress via the MFR while the ALOHA protocol sacrifices the forward progress via the NFP to maintain acceptable per-hop transmission success. For future work, this framework can be extended for modeling urban traffic scenarios where the traffic is restricted to crossing lanes.
APPENDIX A PROOF OF LEMMA 1
Let X + be the event that there exists a receiver inside the forward transmission range, illustrated by the shaded half circle in Fig. 8 , of the test transmitter. The probability of the event can be calculated as follows:
where E [|N|] /2 is the average number of forward neighbours of the transmitter. Now let Z χ be a random variable denoting the FP made by the packet in one transmission. The subscript χ ∈ {M,N,R} referring to the MFR, NFP and RFP forwarding schemes respectively. Using the methodology in [8] , the conditional CDF of the FP in the MFR scheme Z M can be expressed as follows:
= P{Z M ≤ z|X +} = P{No vehicle inÂ(z) and X +} P{X +} , = P{No vehicle inÂ(z) and at least one vehicle inB(z) P{X +} ,
whereÂ(z) is the shaded region illustrated in Fig. 8 , and the length of road segment inside the shaded region, denoted by A(z), is given in (30) , where β = max(N R , N L ). The conditional probability distribution of FP Z M can then be evaluated by taking the derivative of (29):
dz . For a test transmitter at the origin, a potential receiver can be located either on the same traffic lane or on an adjacent lane. If the receiver is on the same lane, the conditional pdf can be written as:
If the receiver is located on the i th adjacent traffic lane, the conditional pdf
, can be obtained using the following procedure:
From (33), we can obtain the conditional pdf as:
Finally the complete pdf of the transmitter-receiver distance r M can be obtained in the form given in (5). For the case when R t βd, A(z) can be approximately expressed as: 
This approximate result can be very useful in evaluating approximate expressions for the complicated distance distribution of the MFR forwarding scheme given in (5). It is pertinent to mention here that the approximation is also valid for R t > βd. However it becomes more accurate as R t βd.
APPENDIX B PROOF OF LEMMA 2
Similar to the proof in Appendix A, we can derive the pdf for the NFP case as follows: 
where B(z) is the length of road segment inside the shaded regionB(z) illustrated in Fig. 8 , and is expressed in (37). Using the same procedure as in Appendix A, the probability distribution for the transmitter-receiver distance r N can be obtained in the form given in (6) . For the case when R t βd, B(z) can be approximately expressed as:
Again, the approximation is also valid when R t > βd. The approximate pdf of the FP in the NFP case is therefore given as:
The average distance between any two closest nodes, using the approximation in (24) is given as:
APPENDIX C PROOF OF LEMMA 3 For the RFP forwarding forwarding scheme, the relay node can be any of the vehicles in the forward neighbourhood of the transmitter. Similar to the proofs in Appendix A and Appendix B, it can be shown that the transmitter-receiver distance for the RFP forwarding scheme can be given as in (7), which is shown at the bottom of page 6. The probability distribution of the FP in the case of the RFP forwarding scheme, denoted by Z R , is given in (41). If R t βd, f Z R (z) can be approximated as:
APPENDIX D PROOF OF LEMMA 4 Since the set of interfering vehicles is approximated by a PPP with intensity , the LT of the aggregate interference can be expressed as: 
toγ i as shown in Fig. 3 . For the case where the intensity of the interfering PPP is constant, the expression in (43) reduces to:
Substituting (44) in (4) and putting appropriate limits of integration for the interference region proves the lemma. Note that N = 1 in the case of Lemma 4. In Lemma 6, the product has been broken down in terms of N R and N L for model generality.
APPENDIX E PROOF OF AVERAGE FORWARD PROGRESS
The proof of the average FP Z χ is done by simply taking the expectation of the FP for each forwarding scheme. The distribution of the FP is given in (32), (39) and (41), which is shown at the bottom of the page, respectively. For notational convenience, we define the function ω which is defined as:
The average FP for the MFR forwarding scheme is evaluated as follows: 2λ
Simplifying the integrals leads to the result provided in (18) . In a similar manner, we can evaluate E[Z N ] and E[Z R ] to obtain the expressions in (19) and (20) respectively.
